The work concerns relativistic effects and the influence of an external magnetic field on the transmission coefficient. The Fowler-Nordheim equation has been relativistically generalized and effect of the Lorentz contraction of a potential barrier at the metal-vacuum interface has been found. Influence of the magnetic field parallel to a metal surface on the transmission coefficient is taken into account when cB < E.
Introduction
Modern experiments in elementary particle physics require high energies. It results in construction of accelerators with high accelerating ingredients [1] . Experiments with the accelerating structures of the compact linear collider (CLIC) prototype have shown a breakdown occurrence on these gradients testing [2] . Field electron emission is believed to play the main part at the first stage of the breakdown formation [3, 4, 5, 6] . Theory of the field electron emission based on a quantum-mechanical tunneling of electrons through a surface potential barrier was developed by R. H. Fowler and L. W. Nordheim in 1928 [7] but it still remains the main theory used to calculate field emission current density for the time being. Electron motion becomes relativistic as voltage and interelectrode gaps increase. The relativistic effects should be considered to develop a general approach describing tunneling of the electrons through the potential barrier and to refine an expression for a transmission coefficient for tasks with high fields and work function (for example, electron emission from the polar region of strongly magnetized neutron stars).
Various options for increasing the breakdown resistance in the accelerator's structural materials were considered in literature. Metal surface modification [8] , surface conditioning [9] , and application of a magnetic field [10] are among them. This paper concerns suppression of field electron emission current by an external magnetic field which is parallel to a metal surface.
Influence of the magnetic field on the emission current has been previously theoretically studied in [11, 12, 13, 14, 15, 16] . Blatt F.J. [11] considered field emission from a plain surface of a metal in an external magnetic field perpendicular to it. Blatt assumed that transparency of the potential barrier on the metal-vacuum interface is independent from the magnetic field. This assumption was proved in [14] . Field emission current decreases as B 2 in compliance with an expression for current density given in [12] . This decrease is also complemented by periodic fluctuations in current. The oscillations of the field emission current in a magnetic field which is perpendicular to the metal surface were theoretically studied in [13] . In one of the first works on the modification of Fowler-Nordheim cold emission in presence of strong magnetic field [16] , the authors have studied the emission of electrons from the polar region of strongly magnetized neutron stars. However, influence of the magnetic field parallel to the metal surface has not been theoretically studied yet.
This work derives a relativistic expression for a transmission coefficient for the electron tunneling through the potential barrier, with influence of a parallel magnetic field considered. Wave functions of an electron motion at relativistic speed to be found, the Klein-Gordon equation instead of the Schrdinger equation was used. The Klein-Gordon equation allows consideration of the external uniform magnetic field parallel to the metal surface but neglects the electron spin. The case when the charged particle just deflects under the influence of the magnetic field and moves to infinity under the action of an electric field (that is when E 2 − (cB) 2 > 0) is considered.
Relativistic generalization of the transmission coefficient
To describe the electron tunneling we choose a Cartesian system with the electric field strength vector E(−E, 0, 0) directed along an x-axis. The transmission coefficient of the potential barrier at the metal-vacuum boundary (x = 0) can be written as:
where A and B are the amplitudes of the incident and reflected waves in metal (x < 0). We can find them from the wave function of electron, which has a known form [17] :
where p 1 is the component of the electron momentum along an electric field. The wave function of the electron in vacuum (x > 0) in the presence of an electric field satisfies the Klein-Gordon equation [17] :
2 eE , U 0 is the potential barrier height, E is electric field strength, W e is the electrons kinetic energy. Equation (3) is a parabolic cylinder equation [18] . We seek the solution of equation (3) which represents a wave traveling to the right at large x
Wave function matching at the metal-vacuum boundary is used to find the transmission coefficient (See Appendix). The transmission coefficient of the potential barrier (1) takes the form:
where α, β are real and α + iβ =
The transmission coefficient of the potential barrier (5) can be found only numerically in the general case. The calculations have been carried out according to the general expression of the transmission coefficient without additional assumptions. We use the following parameter values hereafter:
Here, (6) are the typical values for laboratory conditions, (7) are typical values for field emission from neutron stars surface [19, 20, 21] .
It is easy to see that in the case of the field emission from metals (6) ,the magnitude of the relativistic correction is less than 0.1%. Of course, the experimental observation of such effect is not feasible, taking into account exponential increase in the field emission current density. In the case of strong field (7) approaching the Schwinger limit E s ≃ 1.32 × 10 18 V /m and work function of 100 keV , the difference in transmission coefficient exceeds 10% and can make a significant contribution to the current density.
It is possible to find a simple analytical expression for the formula (5) when
It should be pointed out that both conditions (6) and (7) satisfies (8) .The transmission coefficient of a potential barrier at the metalvacuum boundary is accurately up to second-order terms (See Appendix) can be written as
Equation (10) is the transmission coefficient obtained by Fowler and Nordheim [7] . At the same time, we note that the second and the last terms of the expression (which do not contain the speed of light c) are the correction to the expression for the transmission coefficient obtained by Fowler and Nordheim and can be obtained from their calculations. The first and the third terms are purely relativistic and cannot be obtained in the framework of the Fowler and Nordheim approach. We also note that the first term is the relativistic correction previously obtained in the case of small interelectrode distances [22] . Figure 1 shows the dependence of the potential barrier transmission coefficient on the electric field strength. The magnitudes of the corrections in the case of field emission from metals (6) and field emission from neutron stars surface (7) (conditions (8) are satisfied) are respectively 0.015% and 15%, in accordance with numerical calculations. It can be concluded that in the laboratory conditions the relativistic correction makes an extremely small contribution and is not experimentally observable. But in the case of field emission from neutron stars surface, the contribution is substantial and should be taken into account. Also let's note an increasing of the transmission coefficient due to relativistic corrections obtained in equation (9).
THE INFLUENCE OF A MAGNETIC FIELD ON THE TRANSMISSION COEFFICIENT
The Klein-Gordon equation for external mutually perpendicular electric E(−E, 0, 0) and magnetic B(0, B, 0) fields has form (3) with following symbols:
and p 2 is the component of the electron momentum along a magnetic field. The transmission coefficient can be written as:
(11) and it concurs with (5) in the case B = 0 and p 2 = 0.
With respect to conditions (8), the transmission coefficient in the first nonvanishing approximation (See Appendix) can be written as
In the case of B = 0 equation (12) coincides with the transmission coefficient obtained by Fowler and Nordheim [7] . Figure 2 shows the dependence of the transmission coefficient at the metalvacuum interface on the induction of an external magnetic field parallel to the metal surface. We can see an insignificant change in transmission coefficient at small values of magnetic field strength. However, the transmission coefficient decreases when induction increases to the value B = E/c.
The experiments on suppression of vacuum breakdowns by a magnetic field have been carried out at CERN and [10] . It should be noted that the field enhancement factor is usually of about 30 ÷ 140 in such experiments [23] . Then we can find from (12) that in the case (6) the transmission coefficient reduction is less than 0.015%, which is consistent with the previously obtained results [15, 10] . The transmission coefficient decreases by 0.1%, 5% and 50% when cB is equal to 0.1 E, 0.5 E and 0.9 E respectively. To obtain experimentally noticeable reduction of the transmission coefficient of about 10%, it is necessary to apply magnetic field of order of 10 T .
EFFECT OF THE LORENTZ CONTRACTION OF THE POTENTIAL STEP
To explain the obtained effect of increase of the transmission coefficient due to relativistic effects let us consider a simple problem of the electron tunneling through a rectangular barrier, with potential defined as
For each of three domains the Klein-Gordon equation can be as (3) . The solutions of this equation are plan waves
where
Equations (14) concur with nonrelativistic equations [24] but with relativistic coefficients (15) . The reflection coefficient R can be expressed via the constants A I , B I as:
Considering (14) the reflection coefficient can be written as:
where cos y = σ √ σ 2 +ρ 2 , sin y = ρ √ σ 2 +ρ 2 and h is the potential barrier width.
Note that this expression coincide with nonrelativistic values (see [24] ) and can be written in most widely known form as:
However, the relativistic expression for ρ differs from the non-relativistic case. Indeed, ρ can be rewritten as.
where ρ nonrel ≡ 2m 2 (U 0 − W e ) and V 2 = U0−We 2m . Then the reflection coefficient (18) can be written as
where h rel = h 1 − V 2 /c 2 . Thus, the relativistic coefficient is described by the same equation as in non-relativistic case but with decreased barrier width, h rel < h. This effect can be compared to Lorentz contraction of the potential barrier width. As a result, the transmission coefficient accordingly increases, which explains the effect obtained in the first chapter.
Summary
In present work, the Fowler-Nordheim equation for field emission current density has been generalized to the relativistic case. We presented an approximate formula for transmission coefficient of a potential barrier at the metalvacuum boundary. The approach is similar to the one developed in [7] . The effect of Lorentz contraction of a potential barrier at the metal-vacuum interface was found. This effect results in increasing of the transmission coefficient by 0.015% for field emission in laboratory conditions and by 15% for emission from neutron stars surface.
This paper also presents a generalization of the Fowler-Nordheim equation, enabling us to take into account the effect of an external magnetic field parallel to the metal surface on the transmission coefficient. An expression for the transmission coefficient was found when the condition cB < E is satisfied. For typical experimental values of E and B [10] , the effect of the magnetic field on the transmission coefficient was found. In the case of field electron emission from metals (6) the transmission coefficient decreases by 0.1%, 5% and 50% when cB is equal to 0.1 E, 0.5 E and 0.9 E respectively.
Appendix
The conditions of continuity of the wave function and of its derivative in the generalized case have the form:
where we introduce the notation Q =
Here and further all equations are valid both for B = 0 and B = 0. Then
Now equation (21, 22) can be rewritten as
where α + iβ = dD −1/2−ia e − πi 4 Q dQ and α, β are real. Assuming one direction motion of electron inside metal we set p ′ 2 = 0. It follows from (21, 22) that p 2 = 0 in this case.
To determine the coefficients α and β we will use the connection formula [25] : The numerator of β is the Wronskian of Weber's parabolic cylinder function W{W (a, Q), W (a, −Q)} = 1.
Then β can be written as β = 1 k −1/2 W (a, Q) + ik 1/2 W (a, −Q) 2 .
We will use the asymptotic approximation in this case to find the explicit form of α and β. Since the Schwinger limit E s = m 2 c 3 e ≃ 1.32 × 10 18 V /m is much higher than the laboratory values of the electric field strengths, a = Es 2E is sufficiently large and we can write: To evaluate W (a, Q) we can use asymptotic expression for a → +∞, −1 + δ ≤ Q
